We consider multi-agent systems with time-varying delays and switching interconnection topologies. By constructing a suitable Lyapunov-Krasovskii functional and using the reciprocally convex approach, new delay-dependent consensus criteria for the systems are established in terms of linear matrix inequalities (LMIs), which can be easily solved by various effective optimization algorithms. Two numerical examples are given to illustrate the effectiveness of the proposed methods.
Introduction
Multi-agent systems (MASs) have received considerable attention due to their extensive applications in many fields, such as biology, physics, robotics, and control engineering. [1−6] In Ref. [4] , the consensus problem of high-order MASs with time delays and switching topologies was addressed by using the Lyapunov function and the properties of the Metzler matrix with zero row sums. In Ref. [5] , the constrained consensus problem was investigated for a group of agents in disconnected topologies owing to the existence of packet drops, limited communication channels, external disturbances, and other influencing factors. In Ref. [6] , the H ∞ consensus control condition of networks of second-order MASs with external disturbances was proposed based on new positive semidefinite Lyapunov functions. A prime concern in those systems is the agreement among the group of agents on their states of leader by the interaction. Namely, this problem is a consensus problem. Specially, the consensus problem with a leader is called the leaderfollowing consensus problem or the consensus regulation. Recently, this problem has been applied in various fields, such as vehicle systems, [7] intelligent decision support systems for power grid dispatching, [8] and networked control systems. [9] During the last few years, the MASs have been put to use in the consensus problem for systems with time delays. The delays are due to the finite speed of information processing in the implementation of the system. It is well known that the time delay often causes undesirable dynamic behaviors, such as oscillation, performance degradation, and instability of the network. It should be pointed out that analyzing the consensus problem of the MASs with time delays can be regarded as investigating the asymptotical stability of the MASs. The stability criteria for time-delay systems can be classified into two types: delay-dependent ones and delay-independent ones. The former are generally less conservative than the latter, because the delay-dependent stability criteria include the infor-mation on the size of delay. [10] Since the consensus issue is a prerequisite to the applications of MASs, various approaches to finding consensus criteria for the MASs with time delays have been investigated in the literature. [11−16] By using the Lyapunov-based approach and the related space decomposition technique, a coordination problem was addressed for the MASs with jointly connected interconnection topologies.
tion for the directed networks of agents with switching topology and time delay. However, to the best of our knowledge, the delay-dependent consensus conditions for the MASs with time-varying delays and switching interconnection topologies have not been investigated yet. Motivated by the above discussion, in this paper, we propose new delay-dependent consensus criteria for the MASs with time-varying delays and switching interconnection topologies. By constructing a suitable Lyapunov-Krasovskii functional and using the reciprocally convex approach, [17] the criteria are derived in terms of linear matrix inequalities (LMIs), which can be solved efficiently by the use of standard convex optimization algorithms, such as the interior-point methods. [18] Inspired by the works in Refs. [19] and [20] , we use a triple integral form of the LyapunovKrasovskii functional. Two numerical examples are included to show the effectiveness of the proposed methods. Notation The R n is the n-dimensional Euclidean space, and R m×n denotes the set of m × n real matrix. For symmetric matrices X and Y , X > Y (respectively, X ≥ Y ) means that matrix X − Y is positive definite (nonnegative). The X ⊥ denotes a basis for the null space of X. The I n , 0 n , and 0 m×n denote n × n identity matrix, n × n and m × n zero matrices, respectively. The ∥ · ∥ refers to the Euclidean vector norm and the induced matrix norm. And diag{· · · } denotes the block diagonal matrix.
Problem statement
The interaction topology of a network of agents is represented by a directed graph (digraph) G = (V, E) with nodes V = {1, 2, . . . , n} and edges
n×n of digraph G is the matrix with nonnegative elements satisfying a ii = 0 and a ij ≥ 0. If there is an edge between i and j, then the corresponding el-
More details can be found in Ref. [21] .
Consider the following multi-agent system with the second-order agent dynamics:
where n is the number of agents, x i (t) ∈ R, v i (t) ∈ R, and u i (t) ∈ R are the position, the velocity, and the control input of agent i, respectively. According to Refs. [11] and [12] , a consensus algorithm with the leader interconnection topology can be described as 
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With the communication delay, a consensus algorithm can be given as
where h(t) denotes a time-varying delay satisfying
with h M > 0 and h D being known constant scalar values. Consider a model of MASs with the consensus algorithm (3)
Then, system (5) can be rewritten in the matrix forṁ
where
Since the following equality with x 0 1 n holds
system (6) can be rewritten aṡ
In this paper, we consider the consensus for MASs with time-varying delays and switching interconnection topologies. It should be noted thatĜ denotes the topology composed of the agents and the leader, and Γ = {Ĝ m , m = 1, . . . , N } is defined as the union of the topologies. Here, N is the number of topologies.
Let us definê
Then, system (7) with switching interconnection topology m can be rewritten aṡ
. . , N } is the index set associated with the elements of Γ , s(t) : R + → I Γ is a switching signal, and
Remark 1
The model (8) can be extend to the case without leader as follows:
In model (8) with a leader, take the group of environment monitoring robot fishes in Fig. 1 as an example, the interconnection between the leader and one particular agent can provide the information of both the route of agent group and the consensus of each agent. However, model (9) without leader provides only the information of the consensus of each agent. That is, to perform the task of agent group, we should consider the interconnection between the leader and one The aim of this paper is to investigate the delaydependent consensus (in other word, stability analysis) of system (8) 
Proof
According to Jensen's inequality in Ref. [22] , we can obtain inequality (10) . Moreover, the following inequality holds:
According to the Schur Complements, [18] equa-
Integrating inequality (13) from β to α yields 
(14) Therefore, inequality (14) is equivalent to inequality (11) according to the Schur Complements. This complete the proof.
Lemma 2 (Finsler's lemma [23] ) Let ζ ∈ R n , Φ = Φ T ∈ R n×n , and B ∈ R m×n such that rank(B) < n.
The following statements are equivalent:
Main results
In this section, we propose new stability criteria for network (8) . For the simplicity of matrix representation, e i ∈ R 14n×2n and e i±j ∈ R 14n×2n (i, j = 1, . . . , 7) are defined as block entry matrices; e.g., e 2 = [0 2n , I 2n , 0 2n , . . . , 0 2n ] T and e 1±2 = e 1 ±e 2 .
Several matrices are defined as 
Then, we have the following theorem. 
and any matrix S ∈ R 4n×4n satisfying the following LMIs:
where Φ and Υ m are defined in Eq. (15) . Proof Let us consider the following LyapunovKrasovskii functional candidate:
The time derivative of V 1 is calculated aṡ
By calculation of the time-derivative of V 2 , we havė
By utilizing Eq. (10) of Lemma 1, an upper bound for the time derivative of V 3 can be estimated aṡ
M . By using the reciprocally convex approach, [17] we find that the following inequality for any matrix S and 0 < α(t) < 1 holds:
Thus, an upper bound ofV 3 iṡ
Finally, by utilizing Eq. (11) of Lemma 1, the time-derivative of V 4 can be bounded aṡ
Inequalities (18)- (25) 
System (8) with the augmented vector ζ(t) can be rewritten as
Therefore, a stability condition for system (??) is
According to Lemma 2, condition (28) is equivalent to the following inequality:
From inequalities (29), by the use of Lemma 2, if LMI (16) satisfies, then stability condition (28) holds. This complete our proof. When the information aboutḣ(t) is unknown, then, by setting Q 1 = 0 2n in the Lyapunov-Krasovskii functional (18), we can obtain the following corollary.
Corollary 1 For a given scalar 0 < h M , the agents in system (8) converge to the state of the leader asymptotically, if there exist positive definite matrices
, and any matrix S ∈ R 4n×4n satisfying the following LMIs:
where Φ, Ξ 2 , and Υ m are defined in Eq. (15) . Proof The proof of Corollary 1 is very similar to that of Theorem 1, so it is omitted here.
Remark 2 In Refs. [12] and [16] , the consensus criteria for the MASs with switching interconnection topologies were considered with the time-invariant delays. However, the time-varying delay handled in this paper is more practical. Furthermore, the presented criteria in this paper are less conservative than the results in Ref. [12] . By numerical examples, the less conservatism will be shown in the next section.
Numerical examples
In this section, two numerical examples are given to illustrate the effectiveness of the proposed stability criteria.
Example 1 Consider the MAS (8) with the switching interconnection topology described in Fig. 2 . Clearly, the leader is globally reachable. We choose the control gain K = diag{5, 5, 5, 5}. From Fig. 2 , Example 2 Consider the MAS (8) with the switching interconnection topology described in Fig. 6 . We choose the control gain K = diag{k 1 , . . . , k 8 
for topology 2. The results of the upper bound on time-delay with different h D are listed in Table 3 . It is assumed that the time delays satisfy the conditions listed in Table 4 , and the switching period of the interconnection topology is 5 s. Then, the simulation results for positions and velocities of the agents of network are shown in Figs. 7 and 8 , which show that all the agents follow the position of the leader. 110508-8 
Conclusion
In this paper, the delay-dependent consensus criteria for the MASs with time-varying delays and switching interconnection topologies are proposed. To do this, a suitable Lyapunov-Krasovskii functional is used to investigate the feasible region of consensus criteria. Two numerical examples have been given to show the effectiveness and usefulness of the presented criteria.
